We perform fully non-linear numerical simulations within the spherically symmetric Einstein-(complex)Proca system. Starting with Proca field distributions that obey the Hamiltonian, momentum and Gaussian constraints, we show that the self-gravity of the system induces the formation of compact objects, which, for appropriate initial conditions, asymptotically approach stationary soliton-like solutions known as Proca stars. The excess energy of the system is dissipated by the mechanism of gravitational cooling in analogy to what occurs in the dynamical formation of scalar boson stars. We investigate the dependence of this process on the phase difference between the real and imaginary parts of the Proca field, as well as on their relative amplitudes. Within the timescales probed by our numerical simulations the process is qualitatively insensitive to either choice: the phase difference and the amplitude ratio are conserved during the evolution. Thus, whereas a truly stationary object is expected to be approached only in the particular case of equal amplitudes and opposite phases, quasi-stationary compact solitonic objects are, nevertheless, formed in the general case.
I. INTRODUCTION
The dawn of gravitational-wave astronomy [1] [2] [3] [4] [5] [6] opens up an observational window to probe the true nature of astrophysical black hole candidates. These are widely believe to be well described, when near equilibrium, by the Kerr metric [7] . But more exotic theoretical possibilities have been put forward, including horizonless compact objects -see e.g. [8] [9] [10] [11] [12] [13] . Such objects have the theoretical appeal of avoiding conceptual issues related to event horizons and spacetime singularities and could, in some circumstances, mimic the phenomenology of black holes [14] . For most of the proposals, however, a basic caveat concerns dynamical features, including unknown formation scenarios and unhealthy or unknown stability properties. The notable exception, in this respect, are scalar boson stars [10] , which, at least in spherical symmetry, have been show to be perturbatively stable [15] [16] [17] and that can form dynamically [18] . Moreover, their dynamics is sufficiently under control, numerics-wise, so that binaries of these objects haven been studied and some of the corresponding gravitational-wave templates have been obtained [19] [20] [21] [22] . Even though boson stars may have dynamical [23] and phenomenological [24] limitations as black-hole mimickers, at present they typify the best understood model of exotic compact objects. Scalar boson stars have vector cousins known as Proca stars [13] . Proca stars are akin to the scalar stars in many respects and it is interesting to ask if they also share their dynamical features and, in particular if Proca stars can also form dynamically. Scalar boson star formation was first discussed by Seidel and Suen [18] , who showed that, in spherical symmetry, a generic complex scalar field configuration collapses to form a boson star. Within spherical symmetry, no gravitational radiation is emitted, and the dissipative mechanism that carries away the excess energy, so that a compact object can form, was called gravitational cooling, and takes the form of the ejection of scalar particles. Seidel and Suen [18] also observed that a qualitatively similar phenomenon occurs considering a real, rather than a complex scalar field. The complexity of the scalar field is central in obtaining a truly stationary soliton-like solution of the Einstein-(complex)KleinGordon field equations [25] . In the real case, only approximately stationary soliton-like solutions exist, dubbed oscillatons [26] . Although these are not truly time independent solutions, since they decay in time by leaking part of their scalar field to infinity, the timescale for this process is extremely long [27] and hence, for most relevant physics, they are effectively stable [28] . Indeed, the fact they form dynamically in much the same way as the truly stationary boson stars supports this effective stability.
In this paper we shall show that indeed Proca stars can form dynamically in close parallelism to the way scalar boson stars do. Furthermore, for this dynamical formation, the complexity of the Proca field, which is again central in obtaining truly stationary solutions in this model, is not fundamental. If one takes a real Proca field, or if one takes the real and imaginary parts of the Proca field with a more generic phase difference than that necessary for obtaining Proca stars, the dynamical formation of the compact object follows in a qualitatively similar manner. This hints at the existence of a continuous family of quasi-stationary soliton-like solutions in the Einstein-(complex)Proca system, similar to that discussed in [29] for the scalar case, which are effectively stable. This paper is organised as follows. In Section II we describe the basic equations of the model we shall consider. Then, in Section III we discuss the initial data that shall be used in our simulations. The numerical framework is briefly described in Section IV and our numerical results are presented in Section V. Conclusions are presented in Section VI.
II. BASIC EQUATIONS
We consider the Einstein-(complex)Proca (EcP) system. The system is described by the action S = d 4 x √ −gL where the Lagrangian density depends on the Proca potential A, and the field strength F = dA; the Lagrangian density is given by:
where '*' denotes complex conjugation, R is the Ricci scalar, G is Newton's constant, and µ is the mass of the field. We assume that spacetime M can be foliated by spacelike slices Σ t and we write the spacetime metric in 3+1 form as
where α is the lapse function and β i is the shift vector. We adopt a conformal decomposition of the spatial metric γ ij
where χ = ln(γ/γ) 1/12 is the conformal factor, and γ ≡ det γ ij ,γ ≡ detγ ij . Under the assumption of spherical symmetry, the line element can be written as
where a(r, t) and b(r, t) are metric functions. We introduce a background connection,Γ i jk , which is taken to be that of flat space in spherical coordinates, and we define
which, unlike the two connection themselves, transforms as a tensor field. We define the BSSN [30] [31] [32] auxiliary variables as
We adopt Brown's covariant form [33, 34] of the BSSN formulation, where the evolved fields are the conformally related 3-dimensional metric, the conformal factor χ, the trace of the extrinsic curvature K, the independent component of the traceless part of the conformal extrinsic curvature,
, and the radial component ∆ r of the additional BSSN variables (6) -see [35] for further details about the evolution equations of these fields. Besides the gravitational evolution equations we have two constraint equations, the Hamiltonian constraint and momentum constraint which take the form
whereR is the scalar curvature associated withγ ij , and ρ e and j r are matter terms defined in Eqs. (22) and (25) below. The Proca field is split into its scalar potential Φ, 3-vector potential a i , and 3-dimensional electric E and magnetic B fields. Following [36] , we introduce the auxiliary variable Γ ≡ D i a i , defined by
where D i is the 3-dimensional covariant derivative with respect to the physical metric. We are considering a spherically-symmetric system and B = 0, so that the evolution equations for the complex Proca field and the auxiliary variable are:
where
which in spherical symmetry reduces to:
The matter sources ρ e and j r , as well as S a , S b and S appearing in the evolution part of Einstein's equations (not shown here; see [35] ) are defined as follows
where n a = (−α, 0, 0, 0). The stress-energy tensor of the Proca field reads [35] 
from which we can compute the source terms of the Einstein equations; they are given by
where, for instance, (
Observe that (21) reduces to
The EcP system yields also the "Gauss" constraint equation that reads
III. INITIAL DATA
To perform evolutions, it is mandatory to first choose an initial configuration for the Proca field that satisfies all constraint equations. In our work, the Hamiltonian constraint (7) is solved numerically, using the method described in [37] . Following [38] , wherein the Gauss constraint (27) is solved analytically, for the spherically symmetric case we find the following radial profile for the electric field, E r , and for the scalar potential, Φ:
where E r 0 , r 0 , σ, and Φ 0 are constants and 'erf' denotes the error function. From now on we will label as R(r) and R (r) the radial profile of E r and Φ, respectively. We take our initial geometry parameters to be:
Then, at time t = 0 the Proca evolution equations can be written as
From (32) we observe that a r is the time-derivative of E r , multiplied by γ rr µ 2 . Then, in order to set a phase difference δ between the real and the imaginary part of the Proca field, we choose the following ansatz for the quantities describing this field:
This choice accommodates Eq. (32) if we identify µ 2 = ω. Note that A 1 and A 2 are the initial amplitudes for the real and imaginary parts, respectively.
With this ansatz, we solve numerically the Hamiltonian constraint, which yields the conformal factor χ and as a consequence γ rr ; the latter is then used to update the value of a r , via Eq. (32) . Taking into account the initial parameters as written in Eq. (30), the momentum constraint (9) at t = 0 reduces to M ≡ −8πj r = 0 and thus Φ * a r + Φa * r = 0 by (25) . For the case A 1 = A 2 , this constraint can be solved at t = 0 by requiring cos δ sin δ + cos(2δ) sin(2δ) = 0, which has solutions δ = {0, π/2, π/3, π}. Thus, with this setup for a complex Proca field we shall focus on these four cases. We further remark that the solution δ = π/2 holds even if A 1 = A 2 .
IV. NUMERICAL FRAMEWORK
The numerical evolutions of the EcP system discussed in Section II are performed using the code in spherical polar coordinates described in [39] . For the current simulations, the original code had to be upgraded to account for the Proca field. Details about this upgrade can be found in [35] . The time update of the system of evolution equations (Einstein and Proca) is done using the same type of techniques used in previous works of our group -see, in particular [37, 39, 40] , for complete details. Briefly, we simply point out that the evolution equations are integrated using the second-order Partially Implicit Runge-Kutta method developed in [41, 42] . This method allows to handle singular terms that appear in the evolution equations due to our choice of curvilinear coordinates. For the simulations we set µ = G = c = 1, by using a scaled radial coordinate r → rµ (together with (47)).
The computational domain is covered by an isotropic grid composed of two patches, a geometrical progression in the interior part up to a given radius and a hyperbolic cosine outside. On the one hand, using the inner grid alone would require too many grid points to place the outer boundary sufficiently far from the origin, and hence prevent the effects of possible spurious reflections. On the other hand, using only the hyperbolic cosine patch would produce very small grid spacings in the inner region of the domain, leading to prohibitively small timesteps due to the Courant-Friedrichs-Lewy condition. Details about the computational grid can be found in [37] . In our work the minimum resolution ∆r we choose for the isotropic logarithmic grid is ∆r = 0.05. With this choice the inner boundary is then set to r min = 0.025 and the outer boundary is placed at r max = 4180.475. The time step is set to ∆t = 0.5∆r in order to obtain long-term stable simulations.
V. RESULTS
The numerical simulations reported herein start with a spherical cloud of the Proca field, as described in Section III, which collapses under its own gravity. If the system can dissipate enough energy, via gravitational cooling, a compact object will form: a Proca star [13] or a vector oscillaton. Proca stars have been constructed as stationary solutions of the EcP system using a field ansatz given in term of two real functions (A t , A r ), depending solely on the radial coordinate [13] :
Illustrative examples of these radial functions, for two spherical Proca star solutions, can be found in Fig. 2 of [13] (but in a different coordinate system). The translation between the two functions (A t , A r ) and the value for the Proca field variables described in Eqs. (11)- (14) is provided by
For Proca stars in their ground state, A t (r) has one node and A r (r) is nodeless [13] . These are the fundamental stable solutions. There are also excited states with more nodes for these functions, but as for scalar boson stars they should be unstable towards decay to the fundamental state. We perform evolutions with seven different models, varying the phase difference δ and the amplitude ratio A 2 /A 1 . All these models have a comparable initial Proca energy calculated as and the same parameters for the Gaussian profile, σ = 90 and r 0 = 0. In order to analyze the results of the simulations we extract a time series for the scalar potential Φ at radius r = 5. Thus, to identify the frequencies at which the field oscillates we perform a Fast Fourier transform and obtain the power spectrum.We identify for all the models several frequencies of oscillation, labelled ω n , with n ∈ N. Table I summarizes the main features of the models. Note that model 5 differs from the rest as it corresponds to a real oscillaton. It is included in our sample for completeness and comparison purposes. In the following, we illustrate our results using models with δ = π/2. The behaviour of the other cases is similar, except for the phase difference (cf. Fig. 7 below) .
In Fig. 1 we exhibit the evolution of the radial profile of A t and A r for model 3 in between times 6000 and 6900, at time intervals ∆t = 100. In particular, from the inset in the top panel, a node in A t can be observed, as expected for a Proca star. In Fig. 2 we show the early-time evolution of A t in between time 100 and 1000. In particular, we note how the radial node is still not present before the formation of the compact object. Fig.  1 suggests a compact object is forming in the volume up to r 30. This is confirmed by the radial profile of the energy density depicted for late times, from t ∼ 3000 − 5000, in Fig. 3 .
In Fig. 4 we show the time evolution of the total Proca energy contained in spheres of different radii r * , calculated as
If we compare the E 200 , E 100 , E 50 curves to the E 30 line, we can see that during the evolution, part of the energy escapes from the larger volumes and the four curves seem to slowly converge. The remnant energy is confined to the volume delimited by r = 30, suggesting the formation of a compact object with a total energy E 30 0.6. This is in good agreement with our computed oscillation frequencies (see Table I ) and the mass-frequency relation shown in Fig. 1 of [13] .
Examining the magenta line in Fig. 4 one observes some significant oscillations in the value of E 10 . The existence of strong radial oscillations of the Proca energy density ρ e near the origin is confirmed in Fig. 5 where we display a spacetime diagram of ρ e . This shows that ρ e , which at t = 0 is peaked around r = 0, initially decreases near the origin, a signature that the Proca field is drifting away from the origin; but around t 1200 the expansion stops and the field starts to collapse. From t 2000 onwards, we see that the density profile is confined within the volume delimited by r = 30, and it undergoes radial oscillations. These oscillations dissipate part of the Proca energy to infinity in a similar process to that observed in the scalar case [18] , which we therefore also dub "gravitational cooling". Further inspection of Fig. 3 , in which we focus on the late-time evolution of the radial profile of the energy density of the Proca field, shows how the field oscillates radially and loses part of the energy in the process, as the height of the peak gradually decreases. So far we have been interested in studying components of the Proca field and its energy density, to establish the formation of a compact object. We can now further establish the final object is a Proca star by observing if the phase difference between the real and imaginary parts remains π/2 during the evolution, as requested for a Proca star. The top panel of Fig. 6 shows the time evolution of the amplitude of both the real and imaginary parts of the scalar potential Φ at a fixed radius r = 5. In the inset we focus on a short time window and we confirm that the phase difference of π/2 which was set as an initial condition for model 3, remains the same value during the evolution. The bottom panel of Fig. 6 shows the Fourier transform of the corresponding time series and serves to identify the frequencies of the field that are being excited during the evolution. (All model frequencies are reported in Table I .) In this example, the FFT of the real and imaginary parts of the scalar potential yield the same exact frequencies, as expected.
The time invariance of the initial phase difference still holds when considering more general phase differences δ. In Fig. 7 we plot the four complex cases that we have studied (models 1 to 4). The phase difference during the evolution is computed by finding the times, from the data, at which the real and imaginary parts of Φ vanish, thus yielding the difference. Fig. 7 establishes that the phase differences are unchanged during the evolution. The small oscillations seen in the figure for the models with a phase offset δ = π/2 and δ = π/3 are due to numerical innacuracies induced by finding the zeros. In the cases with δ = 0 and δ = π we see a perfect horizontal line, because the profiles of the real and imaginary part coincide and the errors in finding the zeros precisely can- cel each other. Therefore, for each initial δ we find an apparently stable solution which oscillates periodically with the same preserved initial phase difference. Our results are in agreement with those of [29] for the scalar case, where the existence of a continuous family of periodic soliton-like solutions for the Einstein-Klein-Gordon system (parametrized by the phase difference δ) was conjectured. However, except for the solution with a π/2 phase difference one does not expect such soliton-like solutions to be absolutely stable. Rather they are akin to oscillatons and slowly decay, albeit in extremely long timescales [27] . Now we turn our attention to the way evolutions change if a different phase difference is chosen. In Fig. 8 we plot the norm of the amplitude of the vector potential a r evaluated at radius r = 5 and defined by start to occur. For the case with δ = π/3 (model 2), the amplitude of the initial oscillations is significantly larger than for the previous case. Therefore, the π/2 phase difference appears to suppress the dynamics, as expected.
Furthermore, using models 6 and 7, we can study if the amplitude ratio A 2 /A 1 is conserved during the dynamical formation of a Proca star. In Fig. 9 we plot the time evolution of the energy for model 6 inside a sphere of r = 100. Each line of the main figure indicates the contribution given by either the real part or the imaginary part of the field. In the inset we multiply the imaginary part by a factor 4 to compare the two curves and we observe that they match well, within numerical accuracy, thus implying that the amplitude ratio is conserved. A similar behaviour is also found for model 7.
Finally, we use model 5 to study the real oscillaton case. Our results show that the behaviour of this model resembles that of the complex cases described above. As an illustration, we exhibit in Fig. 10 the spacetime dia- gram of ρ e for this model, similarly to what we have done in Fig. 5 for the complex case. A clear parallelism can be seen between the two cases, and, in particular, the gravitational cooling mechanism is at work also in the real Proca case.
VI. CONCLUSIONS
In this work we have studied the dynamical formation of spherical Proca stars, as well as of quasi-stationary vector solitonic objects, by performing fully non-linear numerical relativity simulations, within the Einstein-(complex)Proca theory. For this purpose, we succeeded in obtaining appropriate initial data that solves all three constraints of the system, but that still leaves enough freedom to vary the initial cloud parameters as to probe the dependence of the process on the phase difference between the real and imaginary parts of the Proca field and on the amplitude ratio between these two components. Whereas truly stationary solitonic objects -Proca stars [13] -only exist for a phase difference of π/2 and equal amplitudes, quasi-stationary vector solitons -analogous to scalar oscillating soliton stars [26] -appear to exists for more general phase differences and amplitude ratios. Indeed, our simulations suggest that in these cases, the phase difference and amplitude ratio are conserved throughout the simulations and, nonetheless, a compact object tends to form. Thus, we conjecture the existence of a continuous family of quasi-stationary vector solitons, similar to that discussed in [29] for the scalar case.
As an avenue for future research, the formation of rotating boson or Proca stars from the gravitational collapse of a (rotating) cloud of scalar/vector matter, remains an outstanding open question.
